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			Significance: 

			The derivative concept is studied in first-year university mathematics. In this study, we focused on students’ ability to correctly apply the rules for derivatives of functions with the different structures that they encounter in their university studies. This was done by investigating the online responses of first-year students at the University of KwaZulu-Natal to online quizzes that contributed to their assessment. Based on this investigation, we then interviewed eight students to gain an insight into the thinking behind their responses. We report on the analysis of students’ responses to five items on the online quizzes based on the derivative concept. The categories in which those items were based are: condition for existence of derivative at a point; rules for derivatives of standard functions; application of chain rule to different function structures; the application of multiple rules; and application of derivatives to optimise a function. Our findings indicate that students had difficulty in detecting that multiple rules for derivatives were required to differentiate certain types of functions represented in symbolic form. Furthermore, students had difficulty in finding the derivative of a function when more than one application of the chain rule was required. However, there were students who had the ability to apply the rules for derivatives of functions without difficulty. In particular, most of the students were able to correctly recall the differentiation rules for functions with standard structures f(x)=xn, h(x)=ekx and y=[g(x)]n, n [image: 293493.png] 0 and k is a non-zero constant. Students were also able to correctly apply the chain rule to an exponential function with base e, raised to 4x. The majority of students were able to correctly apply the chain rule together with differentiation rules for logarithmic and exponential (with bases a >1) function structures, and function structures that required the application of the product rule together with the chain rule. Most of the students were able to apply derivatives to optimise a function.

			
					•	A significant percentage of students who took online quizzes experienced difficulties with applying multiple differentiation rules in the context of a single function. The difficulties stemmed from their inability to detect from the structure of the function which rules should be applied and also the order in which those relevant rules should be applied. 
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			Introduction

			One of the most important concepts in university mathematics is the concept of the derivative. In fact, it is one of the fundamental concepts of calculus. In the South African education system, this concept is introduced to learners during their high school studies in mathematics. According to Maharaj1, first-year university students should already have the knowledge of the concept of the derivative of a function f(x) or f. They are exposed to the following two interpretations of the derivative f'(x) during their schooling years: (1) the gradient of the tangent to the curve f at any point (x, f(x)); and (2) the instantaneous rate of change of f with respect to x. While students are introduced to these concepts as early as Grade 12, many first-year university mathematics students have difficulty with the derivative concept.1 Earlier studies by Orton2 and Uygur et al.3 also found that the derivative is a difficult concept for many students. Maharaj1 carried out a study which used the APOS (action-process-object schema) theoretical framework to investigate university students’ understanding of derivatives and their applications in the context of multiple-choice items. A similar approach was used in this study, but the focus here is on students’ ability to correctly apply the rules for finding derivatives of functions that they encounter at university level and the application of those rules to find the derivatives of such functions. According to Stewart4, rules of differentiation help us to calculate with relative ease the derivatives of polynomials, rational functions, algebraic functions, exponential and algorithmic functions, and trigonometric functions. If students have difficulty with these types of calculations, which are regarded as basic, then they are unlikely to correctly apply the concepts that are related to the derivative. Concepts related to the derivative are, for example, increasing or decreasing functions and the concavity of a function, over different intervals. For example, applying the first derivative test to a function M(x)  will result in obtaining the increase and decrease intervals of the function where M(x) increases if M'(x)>0 and M(x) decreases if M'(x)<0. It is our opinion that the students’ success in answering a question on the increase or decrease of a function given in symbolic form depends on their ability to interpret the structure of the given function M(x). For this reason we focused on students’ ability to correctly apply the rules for differentiation to functions with different structures.

			Research question

			Are students able to correctly apply the rules for finding the derivatives of functions which have different structures? To help answer this question the following sub-questions were formulated: Which rule(s) can students apply with a high degree of success? To which function structures can they apply those rule(s) successfully? Which rule(s) gave the students difficulty? To which function structures did the students not apply the/those rule(s) successfully?
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			Literature review

			A number of past studies2,3,5-8 have focused on students’ understanding of the derivative concept and how this understanding could be improved. Some of these studies indicated that the derivative is a difficult concept to understand for many students.2,3 In particular, students experienced difficulty when applying the rules of derivatives to composite functions.5 The concept of derivatives forms an important topic of analysis at university level.7 Hence Maharaj8 focused on the development of diagnostic testing items for derivatives of functions. The paper by Maharaj8 was motivated by the need to help first-year mathematics students to improve their performance. That study formulated sample diagnostic questions that could be used to enable students to detect their strengths and or weaknesses. All the questions elaborated on in the results and discussion section of this paper were based on the sample diagnostics questions for calculus that were proposed in the paper by Maharaj8. Those sample questions were modified to true/false or multiple-choice questions (MCQs) that were suitable for an online format. For this paper, we analysed the responses of students to five of those modified questions.

			Hähkiöniemi9 stated that exposing students to different kinds of representations can help improve students understanding of the derivative. Zandieh6 observed that graphical representation is preferred by students when it comes to tasks and explanations about derivatives. The focus in the present study was on the students’ ability to correctly apply the rules for differentiation to differentiate functions with different symbolic structures. In this study, in comparison with previous studies in the literature, we assessed whether students were able to correctly detect from the different symbolic structures of functions the rules that were required to differentiate the functions and then apply those rules correctly.

			Tall10 argues that there is a direct link between visualisation and symbolisation when teaching the derivative concept. In this study, we focused on the basic rules for derivatives of functions represented in symbolic form: for example, the basic forms xn, ekx, [g(x)]n; the derivative of [g(x)]n is 
n[g(x)]n–1.g'(x). We further focused on the ability of students to identify the application of such basic rules in the context of particular functions that are also represented in symbolic form [for example f(x)=3e4x + (5x–1)e ]; identifying that (5x–1)e is similar to the structure [g(x)]n which requires the application of the chain rule. The focus of the investigation was on the students’ ability to correctly apply the rules for finding the derivatives of functions which have different structures. Before finding the derivative of a function represented in symbolic form one needs to study the structure of this symbolic form and then make a decision on the rule(s) for differentiation that need(s) to be used. Studying the structure of the function given in symbolic form involves visualisation in the sense that different aspects of the structure have to be seen and noted. For example, when finding the derivative of the function h(x)=(x2–x)[image: 293518.png](1–3x)100 a student should first study the structure of the function and then decide which rules apply. This function appears as Question 3 in the results and discussion section. Note that the students should recognise from the structure that they need to apply the product rule and the chain rule. Application of the chain rule here is imbedded in the structures of the power rule; for example, in (x2–x)[image: 293474.png] and (1–3x)100. If the student visualises the structure of h(x), detects and notes these different aspects together with the rules for differentiation that are required to be applied, then he or she should arrive at the following: 

			h'(x)= – 300(x2–x)[image: 293458.png](1–3x)99+[image: 293453.png](2x–1)(x2–x)[image: 293465.png] –1 (1–3x)100.

			For students to be able to apply derivatives with a high degree of success, they need to understand the basics of derivatives; this includes unpacking the structure of functions represented in the symbolic form for which the derivatives are required. Rules for finding derivatives of functions help us to calculate with relative ease the derivatives of functions with different structures.4 It is our view that if students have a high level of understanding of the rules for finding derivatives which are represented in symbolic form, it could be easier for them to apply these rules with a high degree of success to functions of different structures and to concepts related to derivatives.
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			Conceptual framework

			This study was guided by the literature review and the following principles:

			
					1.	There is a conceptual hierarchy in the body of mathematics.11 This principle informed the formulation of the student expected learning outcomes and the development of sample diagnostic questions proposed by Maharaj11.

					2.	Students’ responses to the items on finding the derivatives of functions given in symbolic form give an insight into their understanding of the rules for derivatives and their applications to finding derivatives of such functions.

					3.	The quantitative data collected from the relevant online quizzes which focused on students’ responses to finding the derivatives of functions represented in symbolic form would reveal trends that could be used to inform teaching with the aim of improving students’ understanding of the rules for finding the derivatives of functions.

			

			Methodology and participants

			For the ‘Introduction to Calculus’ module at the University of KwaZulu-Natal, online diagnostics were set up based on the rationale and sample problems outlined in the paper by Maharaj8. The problems indicated there were transformed to the format of true/false statements or MCQs that were suitable for online quizzes. These quizzes were a subset of quizzes students were required to take online that contributed to the calculation of their class marks for the module. 

			A total of 293 first-year undergraduate students were registered for the Introduction to Calculus module at the University of KwaZulu-Natal in 2017. This module is compulsory for those wanting to pursue studies in mathematics. As part of the module assessment, students must undertake online quizzes which assess the material covered in class. The online quizzes were designed in such a way that students could do them anywhere and at anytime within the time frame set for each quiz by the module coordinator or lecturer. The University has numerous computer labs, some of which are open 24 hours a day, so the students had access to computers to take each quiz. Students could also access the quizzes using their own devices, even from outside university premises. The online quizzes were administered by the Moodle platform that was used at the University of KwaZulu-Natal. 

			The online system provided instantaneous feedback from which the students could determine their strengths and weaknesses when answering a particular question type. The system allowed a student a maximum of five attempts per MCQ but there were penalties for multiple attempts. Each question had a maximum of 2 marks. If a student submitted the correct answer on their first attempt, they were awarded 2 marks; however, only 1 mark was awarded for a correct answer on the second or third attempts. A correct answer on the fourth or fifth attempts scored zero. An incorrect answer on the fifth attempt also scored zero. 

			The rationale was that, after the students were exposed to formal lectures on a particular section, by taking these online quizzes they could determine their strengths and weaknesses on a topic before sitting for formal written tests. If weaknesses were determined, students were expected to take appropriate remedial actions, for example, revise a section or seek help from a hot seat tutor who was available for individual student consultations at specified times each weekday. The term ‘hot seat tutor’ refers to a tutor who is available to assist students for particular first-year modules, outside the designated tutorial times. Students who require assistance can access the hot seat tutors during the specified times and meet with them on a one-to-one basis. 

			At the end of the first semester in 2017, the data for those quizzes were obtained from the Moodle site and the statistics obtained were used in the analysis.

			In this paper we focus on five quizzes which covered the section on rules for derivatives and their applications. For this study, only those students who completed all the quiz questions were regarded as having taken the quiz. Students who submitted their responses to only some of the questions were not considered. In the results and discussion section, the focus is on only five quiz items selected from those five quizzes. Those five items were chosen because they give an overall insight into student responses. For each of those five items, statistics were retrieved from the Moodle site on the following: facility index; discrimination index; and discriminative efficiency. The meanings of these are briefly outlined below as they were used in the results and discussion section for the structure analysis of each of the five quiz items that were chosen. We also give the meanings of intended weight and effective weight, as the latter is used in the description of discrimination index. The reader is referred to https://docs.moodle.org/dev/Quiz_statistics_calculations for further clarity on these terms.

			Facility index: Obtained from the mean score of students for an item. The mean score over 2 is expressed as a percentage; the higher the facility index, the easier the question. For a true or false type question the facility index was calculated by using the students’ first attempt, and for MCQs, all attempts were used in the calculation. Interpretation of the results is given in Table 1.

			Intended weight (IW): The question weight expressed as a percentage of the overall quiz score. Because each item had a maximum score of 2, IW=100 [image: 292550.png]. So, for a quiz with four items, the intended weight for each item is 25%.

			Effective weight: An estimate of the weight the question actually has in contributing to the overall spread of scores for a given quiz. The effective weights should add to 100%. Note that in the results and discussion section, the five quiz items selected were extracted from five different quizzes.

			Discrimination index: The correlation between the effective weight of an item from a quiz and the rest of the items in the quiz, expressed as a percentage. It indicates how effective the item is at sorting out able students from those who are less able. The results were interpreted as indicated in Table 2.

			Discrimination efficiency: This statistic is expressed as a percentage of attempts to estimate how good the discrimination index is relative to the difficulty of the question. An item which is very easy or very difficult cannot be used to discriminate students’ because most students are likely to get the same score for that item. Maximum discrimination requires a facility index in the range 30–70% (although such a value is no guarantee of a high discrimination index). The discrimination efficiency will very rarely approach 100%, but values in excess of 50% should be achievable. Lower values indicate that the question is not nearly as effective at discriminating between students of different ability as it might be and therefore is not a particularly good question.

			Table 1: 	Interpretation of the facility index based on the students’ mean percentage score for an item

			
				
					
					
				
				
					
							
							Facility index

						
							
							Interpretation

						
					

					
							
							5 [image: 292585.png]

						
							
							Extremely difficult or something wrong with the question

						
					

					
							
							6–10

						
							
							Very difficult

						
					

					
							
							11–20

						
							
							Difficult

						
					

					
							
							20–34

						
							
							Moderately difficult

						
					

					
							
							35–64

						
							
							About right for the average student

						
					

					
							
							66–80

						
							
							Fairly easy

						
					

					
							
							81–89

						
							
							Easy

						
					

					
							
							90–94

						
							
							Very easy

						
					

					
							
							95–100

						
							
							Extremely easy

						
					

				
			

			

			Table 2:	Interpretation of the discrimination index

			
				
					
					
				
				
					
							
							Discrimination index

						
							
							Interpretation

						
					

					
							
							Negative

						
							
							Question probably invalid

						
					

					
							
							20–29 

						
							
							Weak discrimination

						
					

					
							
							30–50 

						
							
							Adequate discrimination

						
					

					
							
							50 and above 

						
							
							Very good discrimination

						
					

				
			

			

			After analyses of the data, we emailed 14 students who were selected based on their attempts to correctly answer the five items. The selected students did not submit the correct response on their first attempt. Those who did not submit a correct response even after five attempts were also included in the selection to gain insight into why they were unable to answer correctly. After repeated requests for interviews via email and at tutorial sessions, eight students agreed to be interviewed. During the interview, we accessed that student’s online record of submissions to determine which items they answered incorrectly. The student was given a printed copy of the five quiz items. For some items we indicated the student’s response. In such cases, the students were asked to explain their responses. The student was allowed to do the relevant working on the print copy or to think aloud. Based on the student’s verbal and/or written responses, we probed further to get a deeper insight into the student’s reasoning.

			The student participants completed an online consent form. Ethical clearance for the study was obtained from the Research Office of the University of KwaZulu-Natal (protocol reference HSS/1058/014CA). 
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			Results and discussion

			The results are presented under the following sub-headings: 

			Question 1: condition for existence of derivative at a point 

			Question 2: rules for derivatives of standard functions 

			Question 3: application of chain rule to different function structures 

			Question 4: application of multiple rules 

			Question 5: application of derivatives to optimise a function 

			In each case, the relevant question is given, followed by the question structure analysis and the analysis of student responses to that question. The latter includes relevant extracts from the interviews while question structure analysis focuses on the facility index, discrimination index and discrimination efficiency of the relevant question.

			Question 1: Condition for existence of derivative at a point

			This question focused on the defining condition for the derivative of a function to exist at a specific value in the domain of the function; finding the derivative from first principles. Basically, one needs to use the formal definition of the derivative based on first principles and use algebra to find a general expression for the gradient of the tangent to the curve f at any point (x, f(x)). This question reviews the importance of the formal concept definition.8

			
				
					
				
				
					
							
							1.	State whether the following statement is true or false. The defining condition for the derivative of a function f to exist at x=a in its domain is that [image: 292725.png] exists.

							Select one:

							  True

							  False

						
					

				
			

			

			The facility index indicated that Question 1 was fairly easy while the discrimination index suggested that this question was adequate in discriminating able students from those who were less able (Table 3).

			Table 3:	Question 1 structure analysis (n = 278)

			
				
					
					
					
				
				
					
							
							Facility index

						
							
							Discrimination

							index

						
							
							Discrimination

							efficiency

						
					

					
							
							73.74%

						
							
							34.02%

						
							
							39.36%

						
					

				
			

			

			The students demonstrated a high level of understanding of the derivative from first principles. The facility index of 73.74% gives a clear indication that most of the students did not experience difficulty in responding correctly to the question. It should be noted that this is a definition question and students are expected to answer correctly on their first attempt. That 205 students answered correctly on their first attempt (Table 4) implies that about 26% of the students had difficulty with the defining condition for the derivative of a function at a point. Note that the frequency column in Table 4 indicates, as a percentage for each response to the item, the ratio of the total number of attempts for this response over the number of students who submitted an attempt to this item. For example, for Question 1, the number of ‘false’ responses is 263, over the number of attempts which is 278, which gives a frequency of 94.60%. The same interpretation applies to the frequency column in the tables that follow. For students who responded ‘true’, it seems that they did not properly observe and detect the salient feature in the expression for f'(a). This assumption seemed to be confirmed during a think-aloud interview with Student S5 who gave the response ‘false’ during the interview. When asked why, she responded as follows:

			S5: If it is f'(a) why did this [pointing to the x in f(x)] not change to a?

			This student observed the given expression and detected that the f(x) within the given expression for the derivative at a point should be f(a). That was the reason for the response ‘false’ during the interview. In our opinion, looking at an expression does not imply that one observes the salient features of the expression. If one accepts this, then the ability to actually observe is an aspect that could be focused on and developed among students during the teaching process. So the teaching implication here is that students need to be taught how to observe/see features within the structure of expressions and also within equations that define functions. This focus on observing features within the structure of expressions and also within equations that define functions could be done by framing suitable questions of the type given in Question 1, followed by asking for a reason for the response.

			We now focus on the different rules for finding the derivatives of functions which have different structures.

			Table 4:	Analysis of student responses for Question 1 (n = 278)

			
				
					
					
					
					
					
				
				
					
							
							Response

						
							
							Credit

						
							
							Attempt 1

						
							
							Attempt 2

						
							
							Frequency

						
					

					
							
							False

						
							
							100%

						
							
							205

						
							
							58

						
							
							94.60%

						
					

					
							
							True

						
							
							0.00%

						
							
							73

						
							
							0

						
							
							26.26%

						
					

				
			

			

			Question 2: Rules for derivatives of standard functions

			This question was designed to focus on students’ understanding of the power rule and chain rule. Table 5 summarises the structure analysis of Question 2 while Table 6 indicates the student responses.

			
				
					
				
				
					
							
							2.	Consider the following regarding the derivative of the standard functions with structures f(x)=xn, h(x)=ekx and y=[g(x)]n, n [image: 293530.png] 0 and k is a non-zero constant. Select the correct option based on the following:

							i.   f'(x)=nxn-1 

							ii.  y'=n[g(x)]n-1 

							iii.  h'(x)=kekx 

							Select one:

							  Only i

							  Only i and ii

							  Only ii and iii

							  None of them

						
					

				
			

			

			The analysis of student responses indicated that students could apply the power rule on the algebraic and exponential functions with high levels of success. This ability was evident by the fact that about 75% of students chose the correct answer on their first attempt. Note that 54 students chose the first option as their correct answer. This suggested that those students failed to visualise that the exponential function h(x)=ekx was not the standard exponential function ex, so that the derivative is different from the latter standard function. This was confirmed during the interview when Student S1 was asked why he indicated as his response ‘only i’. The relevant extract from the interview follows:

			S1: I didn’t fully grasp the concept of derivative of ekx ….. 

			R: What do you mean by that?

			S1: Because in my understanding it stays the same for ex … there it is different [pointing to the kx in the context of ekx on the sheet].

			When asked why he regarded ii as incorrect, the student wrote: y'=n[g(x)]n-1.g'(x). This implies that he was able to detect that the given structure required the application of the chain rule, although he did not see that when finding the derivative of the structure ekx. This implies that it is crucial in the teaching and learning situation to have interactions based on the subtle features of functions represented in symbolic form, in particular when finding the derivative of exponential functions. These interactions should focus on the base and the exponent of the exponential function.

			The facility index (82.54%) suggested that the question was easy but the discrimination index (43.89%) and discrimination efficiency (50.13%) indicated that even though the question was easy it was still effective at discriminating between students of different abilities. In the following question we look closely at the composite function y=[g(x)]n and see how students who chose the third option for Question 2 found difficulty in the context of finding the derivative of composite functions.

			Table 5:	Question 2 structure analysis (n = 272)

			
				
					
					
					
				
				
					
							
							Facility index

						
							
							Discrimination index

						
							
							Discrimination efficiency

						
					

					
							
							82.54%

						
							
							43.89%

						
							
							50.13%

						
					

				
			

			

			Table 6:	Analysis of student responses for Question 2 (n = 272)

			
				
					
					
					
					
					
					
					
				
				
					
							
							Response

						
							
							Credit

						
							
							Attempt

						
							
							Frequency

						
					

					
							
							1

						
							
							2

						
							
							3

						
							
							4

						
					

					
							
							Only i

						
							
							0.00%

						
							
							48

						
							
							6

						
							
							0

						
							
							0

						
							
							19.85%

						
					

					
							
							Only i and iii

						
							
							100%

						
							
							204

						
							
							41

						
							
							12

						
							
							8

						
							
							97.43%

						
					

					
							
							Only ii and iii

						
							
							0.00%

						
							
							15

						
							
							8

						
							
							3

						
							
							0

						
							
							9.53%

						
					

					
							
							None of them

						
							
							0.00%

						
							
							5

						
							
							6

						
							
							5

						
							
							0

						
							
							5.88%
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			Question 3: Application of chain rule to different function structures

			The students were required to differentiate the function f(x)=3e4x+(5x-1)e  and their responses are indicated in Table 7. Table 8 summarises the structure analysis for Question 3.

			Table 7 indicates that students were able to differentiate the exponential function structure 3e4x with ease. This ease can be concluded by the low number of students who chose the third option. It is interesting to note that those students just used the power rule without seemingly understanding that it does not apply to exponential function structures. This was confirmed during the interview with Student S1; for further details see discussion under Question 4.

			The visualisation of the composite function structure and the detection that the chain rule was required in this question was the discriminating factor. Students who were able to unpack the function structure and detect that the application of the chain rule was required were successful in correctly answering. Table 8 indicates that this question had a discrimination index of 46.25% and discrimination efficiency of 50.19%, hence it was a good discriminator. To arrive at the correct answer, students had to apply the chain rule on the composite function structure (5x–1)e. The first likely difficulty was realising that the exponent e was a constant and that the power rule could easily be applied to this composite function structure. These difficulties could be concluded from Table 7 which indicates that 38 students chose the second option and that 24 students chose the third option during their first three attempts. Those options also indicate that the second difficulty was in applying the chain rule to the composite function structure (5x–1)e. Both these difficulties were detected during the interview with Student S5. The student was asked to differentiate (5x–1)e. Relevant extracts from that think-aloud interview follow:

			S5: I don’t know what to do.

			R: What do you see? [pointing to (5x–1)e]

			S5:  5x–1  in brackets raised to e.

			R: What is e?

			S5: e is a number … so I think we should use the chain rule to find the derivative.

			[When asked to do it the student successfully found the derivative of (5x–1)e .]

			R: What did you learn from this exercise?

			S5: See what is given … don’t assume.

			This once again implies that it is crucial in the teaching and learning context that students are taught how to see what is given in a symbolic representation of a function.

			The above suggests that the correct detection and application of the chain rule was the determining factor on whether a student could or could not arrive at the correct answer. If we look at the first and fourth options note that they differ in the 5 outside the bracket. Students could only arrive at the 5 if they had correctly applied the chain rule.

			A suggestion follows on how these particular aspects might be better taught to students. For example, one could give as responses those in Table 7 for the derivative of the function f(x)=3e4x+(5x–1)e. The requirement from students could then be to determine why each response is incorrect or correct. The following illustrative question is framed to set up the teaching activity.

			Consider the following four student responses for the derivative of the function f(x)=3e4x+(5x–1)e: 

			12e4x+5e(5x–1)e–1

			12e4x+5(5x–1)e

			4xe4x–1+e(5x–1)e

			12e4x+e(5x–1)e–1

			Required: Determine whether each of the above responses is correct or incorrect. In each case motivate your answer.

			This student activity should be followed by a suitable class discussion based on the answers of students to each given response.

			Table 7:	Analysis of student responses for Question 3 (n = 261)

			
				
					
					
					
					
					
					
					
				
				
					
							
							Response

						
							
							Credit

						
							
							Attempt

						
							
							Frequency

						
					

					
							
							1

						
							
							2

						
							
							3

						
							
							4

						
					

					
							
							12e4x+5e(5x–1)e–1

						
							
							100%

						
							
							179

						
							
							41

						
							
							13

						
							
							13

						
							
							93.82%

						
					

					
							
							12e4x+5(5x–1)e

						
							
							0.00%

						
							
							21

						
							
							11

						
							
							6

						
							
							0

						
							
							14.67%

						
					

					
							
							4xe4x–1+e(5x–1)e

						
							
							0.00%

						
							
							8

						
							
							11

						
							
							5

						
							
							0

						
							
							9.27%

						
					

					
							
							12e4x+e(5x–1)e–1

						
							
							0.00%

						
							
							53

						
							
							10

						
							
							2

						
							
							0

						
							
							25.10%

						
					

				
			

			

			Table 8:	Question 3 structure analysis (n = 261)

			
				
					
					
					
				
				
					
							
							Facility index

						
							
							Discrimination index

						
							
							Discrimination efficiency

						
					

					
							
							75.87%

						
							
							46.25%

						
							
							50.19%

						
					

				
			

			

			Question 4: Application of multiple rules

			This question focused on the students’ ability to apply differentiation techniques based on different rules to different function structures. It also exposed them to the application of the chain rule in the context of various mathematical representations.8

			
				
					
				
				
					
							
							4.	Consider the functions defined by:

							f(x)=ln(5x2+x), g(x)=(3)–x+log(91–x) and h(x)=(x2–x)

							
								
									
										[image: 291259.png]
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							(1–3x)100. Work out the derivatives of the functions f, g and h. Select the correct option based on the following:

							i.  [image: 293602.png]

							ii.  h'(x)= –300(x2–x)[image: 293130.png](1–3x)99+[image: 293093.png](2x–1)(x2–x)[image: 293137.png] –1 (1–3x)100 

							iii. [image: 293615.png]

							Select one:

							  Only i

							  Only i and ii

							  Only iii

							  Only i and iii

						
					

				
			

			

			This question focused on the application of multiple rules for differentiation in the context of the three functions. The analysis in Table 9 indicates that 46 students chose the first option while 47 students chose the fourth option. This implies that the majority of the students who attempted this question later in the semester were comfortable with applying differentiation rules in the context of exponential and logarithmic functions.

			Student S1 was one of the students who answered ‘only i and iii’. In the context of the function g(x)=(3)–x+log(91–x) we were interested to know how he obtained the derivative of (3)–x. The following is an extract from the interview.

			S1: Using the power rule … [and writes x(3)–x–1].

			R: What is the power rule?

			[The student wrote y=xn followed by y'=nxn–1. This was followed by drawing his attention to where the variable x was in the structure xn]:

			S1: In the base.

			R: Where is the x in the structure (3)–x?

			S1: [pointing to the x in (3)–x] … can’t use the power rule … I need to go and learn this …

			This example reinforces the need in the teaching and learning situation to have interactions based on the subtle features of functions represented in symbolic form; in context of the power and exponential functions this should be with regard to where the variable appears. In particular, differentiation of functions with the following structures should be focused on: (3)–x; (–x)3.

			A more in-depth analysis of the data relating to those students who chose the second option for their second or later attempts (Table 9) revealed that they had difficulty in differentiating the function h(x). A possible reason for this difficulty could be that the function h(x) has a structure which requires the application of the product and chain rules for differentiation, and more than one application of the chain rule. Our interviews with students indicated that any one of these three – product rule, chain rule or more than one application of the chain rule – could be the reason for their difficulties. For example, students S2 and S3 did not see that the product rule had to be used and Student S7 did not detect the need for the chain rule. Students S4, S5 and S6 detected that both the rules had to be applied, but they applied the rules in the incorrect order: the chain rule was applied first to both functions in the context of h(x). The following is an extract from the think-aloud interview with Student S5, after the student was asked to differentiate h(x)=(x2–x)[image: 293622.png](1–3x)100:

			R: What do you see?

			S5: (x2–x)[image: 293629.png] and (1–3x)100 are multiplied.

			R: To differentiate h(x) which rules would you apply?

			S5: The chain rule and the product rule.

			R: Which of these rules would you apply first?

			S5: The chain rule.

			When asked to apply the rule, the student wrote down [image: 293644.png](x2–x)[image: 293639.png] –1(2x)x100(1-3x)99 (3). We note that the application of the chain rule to both the functions that comprise h(x) is incorrect.

			The above, as well as the fact that some students answered incorrectly on their fourth attempt (Table 9), indicated that Question 4 was effective at discriminating able students from those who were less able (discrimination index of 41.60% and discrimination efficiency of 45.42%; see Table 10).

			Table 9:	Analysis of student responses for Question 4 (n= 259)

			
				
					
					
					
					
					
					
					
				
				
					
							
							Response

						
							
							Credit

						
							
							Attempt

						
							
							Frequency

						
					

					
							
							1

						
							
							2

						
							
							3

						
							
							4

						
					

					
							
							Only i

						
							
							0.00%

						
							
							38

						
							
							6

						
							
							2

						
							
							0

						
							
							17.76%

						
					

					
							
							Only i and ii

						
							
							100%

						
							
							177

						
							
							43

						
							
							12

						
							
							4

						
							
							93.44%

						
					

					
							
							Only iii

						
							
							0.00%

						
							
							12

						
							
							6

						
							
							2

						
							
							0

						
							
							7.43%

						
					

					
							
							Only i and iii

						
							
							0.00%

						
							
							32

						
							
							15

						
							
							0

						
							
							0

						
							
							10.15%

						
					

				
			

			

			Table 10:	Question 4 structure analysis (n = 259)

			
				
					
					
					
				
				
					
							
							Facility index

						
							
							Discrimination index

						
							
							Discrimination efficiency

						
					

					
							
							76.64%

						
							
							41.60%

						
							
							45.42%
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			Question 5: Application of derivatives to optimise a function

			This question focused on the application of derivatives in the context of optimisation of a function.

			
				
					
				
				
					
							
							5.	The function M(x)=–[image: 293181.png]x2+2x–20; 30[image: 293199.png]x[image: 293227.png]65; is an approximation for the number of kilometres per litre of fuel used by a new prototype car, when driven at a speed of x kilometres per hour. Choose the correct option based on the following statements:

							i.	The number of kilometres per litre of fuel used increases on the speed interval (30,45) and decreases on the speed interval (45,65).

							ii. 	The absolute maximum number of kilometres per litre of fuel used is 25 km per litre.

							iii. 	The absolute maximum is achieved at a speed of 45 km per hour.

							Select one:

							  Only iii

							  Only ii and iii

							  Only ii

							  All of them

						
					

				
			

			

			From Table 11, the discrimination index (37.04%) and the discrimination efficiency imply that the question was not a good discriminator in effectively sorting the able students from those less able. In the context of the data that were available, we could not detect which part of the question contributed to the relatively weak discrimination effect.

			Table 11:	Question 5 structure analysis (n = 268)

			
				
					
					
					
				
				
					
							
							Facility index

						
							
							Discrimination index

						
							
							Discrimination efficiency

						
					

					
							
							73.30%

						
							
							37.04%

						
							
							43.48%

						
					

				
			

			

			Table 12:	Analysis of student responses for Question 5 (n = 268)

			
				
					
					
					
					
					
					
					
					
				
				
					
							
							Response

						
							
							Credit

						
							
							Attempt

						
							
							Frequency

						
					

					
							
							1

						
							
							2

						
							
							3

						
							
							4

						
							
							5

						
					

					
							
							Only iii

						
							
							0.00%

						
							
							16

						
							
							16

						
							
							4

						
							
							0

						
							
							1

						
							
							13.70%

						
					

					
							
							Only i and iii

						
							
							0.00%

						
							
							49

						
							
							11

						
							
							4

						
							
							0

						
							
							0

						
							
							23.70%

						
					

					
							
							Only ii

						
							
							0.00%

						
							
							12

						
							
							12

						
							
							7

						
							
							0

						
							
							0

						
							
							11.48%

						
					

					
							
							All of them

						
							
							100%

						
							
							191

						
							
							12

						
							
							19

						
							
							13

						
							
							1

						
							
							94.81%

						
					

				
			

			

			Question 5 was based on derivative-related concepts for a function given in symbolic form, for example: determining the interval(s) for which the function is increasing or decreasing; optimising a function. The question required a student to detect the relevant derivative-related concept within each statement and to do the necessary working to determine if the statement was correct or not. Table 12 indicates that 191 of 268 students (about 71%) correctly answered on the first attempt. This finding implies that a large number of the students were able to detect the relevant derivative concept on which each given statement focused, do the necessary working and make relevant conclusions. What was concerning, is the number of attempts required for some students to obtain the correct answer. This conclusion can be drawn by looking at the first three incorrect options; the students made up to five attempts. In our opinion, such students do not have the necessary derivative-related concepts for a function given in symbolic form, to answer a question of this type. This opinion is supported by the following that transpired during the interview with Student S8:

			R: How can you use M(x) to find out where the function is increasing or decreasing?

			S8: Take the derivative of M(x), equate it to zero, then solve for x …….

			[Student S8 then correctly did the working and arrived at x=45, which indicated that the student was able to do a routine procedure, by following an algorithm.] 

			However, the extracts that follow indicate the student did not know what x=45 represented, in the context of the relevant derivative-related concept.

			R: Look at x=45 in the context of the interval 30[image: 293246.png]x[image: 293240.png]65. What can you conclude?

			S8: x=45 lies within the given interval, then the function M(x) is an increasing function.

			This response clearly suggests that the student could not interpret that x=45 represented the value at which the derivative is 0, although this was part of the working that this student correctly did when following the algorithm. This was confirmed by the silence that followed when the researcher posed the following question: M'(x), what does this represent? Upon further probing, the student was able to interpret x=45 as confirmed by the following interview extract:

			R: What type of function is M(x)?

			[Student S8 was able to correctly identify the function and draw a rough sketch.]

			R: Where is the turning point?

			[Student S8 correctly pointed out the turning point on the sketch.]

			R: What is the value of M'(x) at the turning point?

			S8: zero.

			R: So, what does x=45 represent?

			S8: The x value of the turning point.

			From the above, one could conclude that even if students correctly apply the rules for differentiation together with relevant related algorithms, they do not necessarily understand the deeper derivative-related concepts. The implication is that the teaching and learning of the derivative-related concepts should focus on understanding why certain steps in an algorithm are followed. This means that before the algorithms are stated there needs to be understanding of why certain steps are included in the algorithm. In our opinion, this reinforces the need in the teaching and learning situation to have interactions based on the subtle features of functions or equations that result from them, represented in symbolic form.
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			Conclusions and recommendations

			This paper was based on sample diagnostic questions for the concept of derivatives with the aim of improving students’ ability to correctly apply the rules for finding derivatives of functions. The study has confirmed that the derivative is one of the concepts students have difficulty with, as indicated in the literature.2,3 More specifically, students experienced difficulties with applying multiple differentiation rules in the context of a single function (a composite function or imbedded function). These functions required application of the chain rule and it was found that, especially when more than one application of this rule was required, in the context where the applications of multiple differentiation rules were required, students experienced difficulties. It seems that the difficulty stemmed from the inability of students to detect from the structure of the function which rules should be applied. In particular, during teaching, we recommend that there should be a deliberate focus on the different rules that are required to differentiate functions with symbolic forms in the context of exponential and power functions. For example, correct interpretation of the symbolic structure and rules that are required to differentiate each of 3x and x3. This should be followed by 3–x  and (–x)3  when focusing on application of the chain rule. Although this teaching implication was suspected from the analyses of online responses of students, it was confirmed during the interviews with selected students. In cases in which students detected the rules that were required, some had difficulty in detecting that more than one application of the rule was required. Any one of the three rules – product rule, chain rule or more than one application of the chain rule – could be the reason for students experiencing difficulties. In the context of a function that required the application of the product and chain rules, some students only detected the chain rule and did not see that the product rule was required. Further, students who saw that both rules were required tried to first apply the chain rule to both the functions that comprised the given function, h(x)=(x2–x)[image: 293696.png](1–3x)100. In the teaching and learning situation the implication is that there should be interactions based on the subtle features of functions represented in symbolic form. If this is accepted, then our recommendation is that lecturers should during formal lectures focus on the importance of studying and visualising the structure of a function. In particular, students need to be taught how to observe/see features within the structure of expressions and also within equations that define functions.

			It seems that if students could first study and visualise the given structure of the function, then detecting and noting the structural representation could help them to decide which rule(s) to apply when finding the derivative of the relevant function. We recommend that research be conducted to further investigate this hypothesis.
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