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			Abstract

			There is much concern in South Africa about the low levels of mathematics achievement amongst learners. Aligned to this issue is that of mathematics teachers’ proficiency in mathematics. The purpose of this study was to explore mathematics teachers’ proficiency in the mathematics that they teach. A sample of 253 teachers’ responses to a shortened Grade 12 examination was analysed using the Rasch model. When the teachers’ proficiency and item location are represented on one scale, as is the case in Rasch measurement theory, it is expected that the teachers should be located beyond the difficulty level of the items as they teach the content to their learners. However, in this study, the teachers’ proficiency was located close to the mean of the item locations. Furthermore, the levels of almost one-third of the group were below that of all the Level 3 and Level 4 items in the test. If such a result holds across other groups of teachers, it may explain why higher levels of passes in mathematics are not achieved. A second aim of this study was to illustrate how the application of the Rasch model can be used to contribute to a more informative and fair assessment. In line with Rasch measurement theory, the test was subjected to various analyses and the results were used to improve the fit of the items and the test.
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			Introduction

			There have been many initiatives in South Africa since 1994 to improve the quality of education in the country, particularly in mathematics education. The interventions have sought to address concerns about the low level of mathematical skills in the country, which have been revealed by both international and national studies.1-3

			Many studies point to mathematics teachers’ poor content knowledge as one reason for low levels of learners’ mathematics achievement.4-6 Hugo et al.7 reported on a KwaZulu-Natal study which found that none of the Grade 6 teachers were able to achieve 100% for the test on the curriculum that they were teaching, while 24% of the respondents achieved less than 50% on the test. On average, only 47% produced correct responses to each test item. Spaull4, in his analysis of the Southern and Eastern Africa Consortium for Monitoring Educational Quality (SAQMEQ) III results, revealed that the top 5% of Grade 6 learners (559 students) scored higher marks on the same mathematics test than the bottom 12.5% of Grade 6 educators (62 teachers) in the sample. There have been no similar studies about the content knowledge of mathematics teachers who teach in the Further Education and Training (FET) band which represents the final three years of schooling (Grades 10–12). One aspect of a larger study8 that was set up to investigate the content knowledge of Grade 12 mathematics teachers from a group of 253 practising mathematics teachers from the province of KwaZulu-Natal is reported on here. The corresponding research questions that guide this study are: (1) What does a Rasch analysis reveal about the mathematical proficiency of a sample of FET mathematics teachers in aspects of the mathematics they teach? (2) How can an application of the Rasch model to an assessment instrument contribute to improved scoring rubrics? 
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			Rasch measurement theory

			Note that with Rasch measurement theory (RMT) there is an assumption that for the construct of interest there exists a latent trait in the learner that may be gauged through the operationalisation of the construct through items. The latent trait is conceived as a single dimension or scale along which items can be located in term of their difficulty.9 With RMT, learner ability, denoted by βn, and item difficulty, denoted δi, may be represented on the same scale. Rasch analysis is then the formal testing of an outcome scale against a mathematical model developed by Rasch9.

			The term ‘measurement’ is often used loosely in the assessment of social and educational constructs. By drawing on measurement in the physical sciences, and a classical theory of measurement, we note that the property of invariance across the scale of measurement is required.10 For example, the measure of the height of a population at two different sites should not differ, nor should the means of measuring (system of units) change for different objects. Rasch analysis is the process of examining the extent to which the responses from a scale approach the pattern required to satisfy axioms of measurement in order to construct measurement.11 In RMT, and in conformity with classical measurement theory, the requirement is that the data fit the model, rather than that the statistical model is adapted to fit the data. With RMT, the first step in approximating measurement is to define the construct being measured. The next step is to invoke a probabilistic process, a transformation that constructs natural units of measurement that are independent of both the construct and the persons being measured. This procedure involves converting a raw score percentage into its success-to-failure odds and then to its natural logarithm.12 Similarly for items, the percentage of correct responses for the item is calculated and converted to a logarithm of the correct-to-incorrect odds for the item. This log-odds transformation of raw data is a first approximation of the Rasch measurement scale. Thereafter these estimations are then subjected to a series of iterations by the computer, allowing the student ability and item difficulty to be located on a common continuum so that a genuine interval scale using logits is produced.12

			The Rasch simple logistic model for dichotomous items is given in Equation 1.13 In RMT, the equation which relates the ability of learners and the difficulty of items is given by the logistic function:

			[image: eq%201.png]    Equation 1

			This function expresses the probability of a person v, with ability βv responding successfully on a dichotomous item i, with two ordered categories, designated as 0 and 1. Here P is the probability of a correct answer; Xvi is the item score variable allocated to a response of person v, on dichotomous item i; and δi is the difficulty of item i.

			Applying Equation 1, we can see that if a person v is placed at the same location on the scale as an item labelled i, then βv = δi, that is, βv - δi = 0, and the probability in Equation 1 is thus equal to 0.5 or 50%. Thus, any person will have a 50% chance of achieving a correct response to an item whose difficulty level is at the same location as the person’s ability level. If an item difficulty is above a person’s ability location, then the person has a less than 50% chance of obtaining a correct response on that item, while for an item whose difficulty level is below that of the person’s ability, the person would have a greater than 50% chance of producing the correct response. Figure 1 illustrates this relationship for a single item.

			The item characteristic curve (ICC) depicted in Figure 1 represents the alignment of item difficulty and person ability. Learners are represented on the horizontal axis from low proficiency (to the left, towards -6) to high proficiency (to the right towards +1). The probability of a correct response is represented by the vertical axis (from 0 to 1). The person located at -2.266 logits has a 0.5 probability of answering this item correctly. 

			[image: Fig%201.png]

			Learners are represented on the horizontal axis, from low proficiency (left) to high proficiency (right). The probability of a correct response is represented by the vertical axis (from 0 to 1).

			Figure 1:	Item characteristic curve for an item located at -2.266 logits, representing a 0.5 probability of a correct answer.

			As ability varies, the probability of a correct response to the item also varies. The probability that a person with low proficiency will respond correctly is correspondingly low, approaching 0 asymptotically as ability decreases. Symmetrically, the probability that a person with high proficiency will respond correctly is correspondingly high, and approaches 1 asymptotically as proficiency increases. 

			Figure 2 shows both the probability of responding correctly and incorrectly, where:

			[image: eq%202.png]    Equation 2
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			Figure 2:	Category probability curve showing the probabilities of scores 0 and 1 on a single item as a function of proficiency.

			The location of the item is identified as the point on the ability scale where the probability curves of 0 and 1 intersect. At this point, the probability of a response of either 0 or 1 is equally likely. Because it is a dichotomous item, there is a probability of 0.5 of either response. The probability of a correct response decreases as proficiency decreases, and increases as proficiency increases, around this point. The item shown in Figure 2 has a location of -2.266 logits.

			The simple logistic model was developed by Rasch9 for the analysis of dichotomously scored test items. Many assessment programmes, however, require greater precision or more information than a simple right/wrong scoring system allows from any particular item. In these cases, polytomously scored items with several levels of performance may be required. Rasch’s9 formulation of the model for polytomously scored items is an extension of the simple logistic model. Instead of dealing with dichotomous items with two response categories, and possible scores of 0 and 1 only, it provides a model for test items with more than two response categories, with possible scores of 0,1,2,….,m. Andrich14 derived a model which gives the probability of a person with ability βv being classified in a category x in a test item of difficulty δi , with m+1 ordered categories as: 

			[image: eq%203.png]     Equation 3

			where x [image: 285200.png] {1,2, …,m} and τx are the thresholds. In Equation 3 the threshold parameters are not subscripted by i, indicating they are assumed identical across items, making it possible to estimate one set of thresholds which hold for all the items.13 If thresholds are different across items, the model takes the form of Equation 4:

			[image: eq%204.png]     Equation 4

			The model of Equation 3 has become known as the ratings scale model and the model of Equation 4 has become known as the partial credit model. Here the partial credit model is used because it is less restrictive and allows the distances between the response categories to emerge from the data rather than being imposed on the data and also because each of the items had a different number of categories. The term ‘threshold’ defines the transition between two adjacent categories, for example between scoring 0 and 1 (τ1), or scoring between 1 and 2 (τ2). Figure 3 shows the category curves for Item 1.3

			[image: fig%203.png]

			Figure 3:	Category curves for Item 1.3

			In Figure 3, there are three category curves corresponding to the probabilities of obtaining a score of 0, 1 or 2. The thresholds, and the categories they define, are naturally ordered in the sense that the threshold defining the two higher categories of achievement is of greater difficulty than the threshold defining the two lower categories of achievement. The first threshold (τ1), which represents the point where a score of 1 becomes more likely than a score of 0, is about -1.5 logits. The second threshold, where a score of 2 becomes more likely than a score of 1, is approximately 0.6 logits. These thresholds show that progressively more ability is required to score a 1 than a 0 and a 2 than a 1 on this item. 
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			Method

			In this study, the data collection instrument was a shortened form of the National Senior Certificate March 2011 supplementary examination written by Grade 12 mathematics students (see Appendix 1 in the online supplementary material). The instrument was shortened to seven questions because of time constraints. The topics of the different questions that appeared in our data collection instrument are summarised in Table 1 while those that were excluded were arithmetic and geometric sequences, simultaneous equations, exponential functions, financial mathematics and cubic graphs. 

			Table 1:	Details of the research instrument

			
				
					
					
					
					
				
				
					
							
							Question

						
							
							Description

						
							
							Number of sub-questions

						
							
							Maximum mark

						
					

					
							
							1

						
							
							Quadratic equations and inequalities

						
							
							2

						
							
							8

						
					

					
							
							2

						
							
							Patterns

						
							
							3

						
							
							9

						
					

					
							
							3

						
							
							Hyperbolic function

						
							
							5

						
							
							11

						
					

					
							
							4

						
							
							Parabolic function

						
							
							6

						
							
							15

						
					

					
							
							5

						
							
							Finding derivatives using rules

						
							
							2

						
							
							6

						
					

					
							
							6

						
							
							Optimisation

						
							
							2

						
							
							8

						
					

					
							
							7

						
							
							Linear programming

						
							
							4

						
							
							18

						
					

					
							
							   Total

						
							
							75

						
					

				
			

			

			The instrument was administered to the teachers under test conditions, and teachers who consented were given 2 h to write the test. The participants were given detailed feedback about their performance in the test so that they could improve on their weak areas. The teachers were from different districts in KwaZulu-Natal and were enrolled in an Advanced Certificate in Education programme, which is designed for upgrading the skills of teachers who have a 3-year diploma from a teaching college. However, approximately 20% of the group were already fully qualified teachers. A condition for selection into the programme is that a teacher must be teaching mathematics at the FET level at that time. Of the group of approximately 350 teachers, there were 286 who agreed to participate in this study. The teachers’ responses were then marked by two experts who had many years of experience in marking matric examination papers. Marks were then captured for each item. The items were categorised into the assessment taxonomy levels15 by three mathematics education experts, including the author, who coordinated the programme8. The data were then cleaned and anomalies and inconsistencies were removed with respect to missing details or missing records. The total number of records analysed was 253. 

			Sample size

			The general rule for the construction and development of test instruments is that the learner count is about 10 times the maximum score count.16 In this analysis, the test consisted of 24 items which were made up initially of 75 marks in total, that is 75 thresholds. In that situation, a sample size of 253 is small, because the recommended sample size should be 10–20 persons per threshold, which would be at least 750 persons. However, with the rescoring process, the number of thresholds considered was 42, which means, although closer, the sample size is still smaller than the recommended size of 420 persons. 
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			The results of the Rasch analysis

			A requirement of RMT is that the data fit the model, in order to claim measurement within the model’s framework. The properties of Rasch measurement apply only to the extent to which the data fit the model’s demanding requirement.12 When the data fits a Rasch model, suitable transformation of the raw total scores for persons and raw frequencies of score categories of each item will enable calculation of estimates for both learner ability parameters and all item thresholds and average difficulty levels.17 All these estimates may then be legitimately represented and located on the same scale or linear dimension,17 from which inferences can be made based on an interpretation within the context. The fit statistics are used to help detect discrepancies between the Rasch model prescriptions and the data that is collected in practice, and these are first considered in this section. This step is followed by a report on the individual item analysis, and the post-hoc changes that were made to the scoring. Tests for differential item functioning or item bias are then reported. DIF can also affect fit to the model and occurs when different groups within the sample respond in a different manner to an individual item. As recommended by Tennant and Conaghan11, it was also necessary to check for response dependency and multidimensionality in the items, which, if present, are a breach in the assumption of local independence of items. The final test statistics are then presented, followed by a discussion of the person–item map.

			Initial analysis

			Rasch analysis can be undertaken with software such as WINSTEPS, RUM2030, and ConQuest. Each reports findings in slightly different ways, but with a main focus on testing whether the response pattern observed in the data is close to the theoretical pattern predicted by the model. RUMM2030 was used in this study. This software reports fit statistics in terms of item and person fit residual statistics which are an indication of the differences between their actual and expected responses. RUMM2030 also reports on item–trait interaction chi-square, which reflects the property of invariance across the trait.

			From the initial Rasch analysis, the summary statistics (Table 2), person–item location distribution (Figure 4) and person–item threshold distribution (Figure 5) were generated. Table 2 presents the initial summary statistics, which shows the item mean as 0 (as set by the model) and the person mean as 0.4557, which is slightly above zero, showing that generally the students found the test comfortable. The standard deviation for the item location is 1.0577, which is just above the ideal value of 1 while the standard deviation of the person location is 0.8049, which is less than 1, suggesting that the distribution of the person locations is clustered together.

			[image: fig%204.png]

			Figure 4:	The initial person–item location distribution. 

			[image: fig%205.png]

			Figure 5:	The initial person–item threshold distribution.

			Table 2:	Initial summary statistics

			
				
					
					
					
					
					
				
				
					
							
							

						
							
							ITEMS [n=24]

						
							
							PERSONS [n=253]

						
					

					
							
							

						
							
							Location

						
							
							Fit residual

						
							
							Location

						
							
							Fit residual

						
					

					
							
							Mean 

						
							
							0.0000 

						
							
							-0.2018 

						
							
							0.4557 

						
							
							-0.2152

						
					

					
							
							SD

						
							
							1.0557 

						
							
							1.5987 

						
							
							0.8049 

						
							
							0.8741

						
					

					
							
							

						
							
							

						
							
							Person separation index 0.9007

						
					

					
							
							

						
							
							Item–trait interaction 

							Total item chi-square = 213.8966

							Total d.f. = 72.000

							Total chi-square probability = 0.000

						
							
							

						
					

				
			

			

			The mean of the item fit residual (-0.2018) is close to zero. The standard deviation of the item fit residual is 1.5987, larger than 1, which means that the fit varies more than expected. Similarly, the mean of the person fit residual is approximately -0.2 and the standard deviation of the person fit residual is 0.8741, which is slightly smaller than 1, showing that the distribution of the person fit residuals is slightly more clustered than the ideal situation. 

			In terms of reliability, in RUM2030 an estimate of the internal consistency reliability of the scale is the person separation index. The statistic of the person separation index in Table 2 is very good – over 0.9, which is higher than the minimum of 0.85 advised by Tennant and Conaghan11. This shows that the estimation of the person’s ability is consistent across the model. In this case the figure is 0.9007 which indicates that the persons have been separated well by the test. The item trait interaction figures have a chi-square value of 213.897 with a probability value of 0.000, which is significant and means that the hierarchical ordering of the items may vary across the trait. 

			Person–item location distribution 

			The person–item location distribution (PILD) and the person–item threshold distribution were then generated. The item locations range from -2.389 to about 1.082 logits. The person locations are estimated between -1.905 and about 2.728 (with a mean of 0.456), with two people obtaining extreme scores (full marks) being estimated at 3.499 logits. The fact that the person location is higher than the mean of the item location, suggests that this Grade 12 test was slightly easy for this particular group of teachers.

			For polytomous items, as is the case in this test, a person–item threshold distribution is useful to better understand the spread of the item thresholds. Figure 5 illustrates that the thresholds range from below -2 to above 3, showing a much wider distribution than the items themselves.

			Individual item analysis

			The Rasch analysis may indicate that the scoring rubric of items is working as required by the model in order and contributing to the measure of learner proficiency or it may identify items where the scoring rubric is not working in an ordinal way. The graphical analysis provided by the ICC (see Figure 1) and the category probability curves (see Figures 2 and 3) can be used to check item functioning.

			In a Rasch analysis test of fit, the learners are placed into class intervals and the average ability of each class is calculated – in this study there were four class intervals. The mean ability of the four groups becomes the horizontal coordinate of points in the diagrams and the vertical coordinates depict the probability of answering correctly.18 

			When the theoretical curve (the expected frequencies) and the observed proportions (the empirically established average of the actual item scores in the four chosen groups) are in alignment, we assume fit to the model, as depicted by the ICC in the right-hand side of Figure 6. On the other hand, a substantial deviation of the observed proportions from the theoretical curve signals some sort of misfit between the data and the model (for example, the first ICC on the left-hand side of Figure 6). There are four categorisations that describe how the observed proportions might relate to the theoretical expectation; these categorisations are described in detail with examples in an article by Long et al.18

			[image: fig%206.png]

			Figure 6:	(a) Initial and (b) final item characteristic curve (ICC) for Item 3.5. The ICC in the original shows over discrimination. After a process of rescoring, the empirical distribution on the ICC shows much better fit, which is confirmed by the fit residual statistic which has moved from -1.284 to -0.997.

			Each of the 24 items was checked for the item fit statistics, ICC, as well as the functioning of the categories. Based on these diagnostic procedures, some items were rescored if such a rescoring was supported by the qualitative analysis, as described in the discussion following Figure 7. Appendix 2 in the online supplementary material provides a summary of the processes that were followed and the decisions that were taken for each of the items.

			Appendix 2 indicates that the initial analysis identified Items 14, 19 and 24 as having misfit statistics, outside the recommended limits of -2.5 to 2.5 logits.12,13 The ICC and category probability curves for each item were checked, and, if a rescoring was suggested by the analysis and the rescoring was supported by the qualitative analysis, then the item was rescored. The details of this process are described in Appendix 2. This rescoring process resulted in improved fit residual statistics for the misfit items. However, the fit residual statistic for Item 5 (-3.162) was outside the generally acceptable interval of between –2.5 and 2.5. This item was rescored again, resulting in a better fit residual statistic of 0.928. Based on the rescoring process, the fit residuals of other items improved and some regressed slightly, but there was no longer any significant misfit.

			Examples of two items (Question 1.3 and Question 3.5) whose category probability curves and ICCs improved with the rescoring are demonstrated in Figures 6 and 7.

			Van Wyke and Andrich19 explain that when ordered thresholds emerge in the Rasch analysis of responses to an item, these provide confirming evidence that the hierarchy of responses identified in the scoring rubric reflects the underlying order of the proficiency continuum. And disordered thresholds provide evidence that the scoring rubric for the item does not reflect the underlying proficiency continuum. Van Wyke and Andrich19 suggest that disorder in the thresholds signals that the item has failed to function as intended, which presents an opportunity to rescore the items to try to reflect the hierarchy of responses. An observation of Item 1.3 in Figure 7 reveals disordered thresholds in the empirically derived initial category curves, suggesting that categories 1 and 3 are not working well. The problem is that the locations of the first and third thresholds are respectively greater than that of the second and fourth thresholds. These reversed thresholds are a result of the failure of the two categories, corresponding to scores of 1 and 3, to function as intended. At no point on the horizontal axis is a score of 1 most likely; neither is there an interval or point where a score of 3 is most likely. The thresholds suggest that achieving a score of 2 did not require more proficiency than achieving a mark of 1 and achieving a score of 4 did not require more proficiency than achieving a mark of 3. An examination of the marking memorandum in Figure 7 shows why this might be so. If the quadratic expression was factorised correctly (hence achieving the first mark), then obtaining one of the critical values (second mark) follows easily. Similarly, obtaining one correct interval (third mark) was not experienced as more difficult than getting both (fourth mark). Hence categories 1 and 2 were collapsed into 1 and categories 3 and 4 were rescored as 2. The category curves after the rescoring show that the categories are working much better. This item illustrates how rescoring can lead to a fairer outcome. Learners who produced the correct intervals were advantaged by scoring four points instead of two, while those who could not, were unduly penalised by ‘losing’ four possible points instead of two. The combination of these qualitative analyses of item content together with the empirical results, helps us identify possible anomalies and inconsistencies in the scoring rubrics which can alert us to possibilities that should be considered when devising scoring rubrics. A similar analysis, considering both the qualitative analysis of item content together with the empirical results, was conducted on each item. 

			[image: fig%207.png]

			Figure 7:	(a) Initial and (b) final category probability curves and (c) the marking memorandum for Item 1.3.

			Differential item functioning

			Differential item functioning (DIF) is present when examinees from different groups have differing probabilities or likelihoods of success on an item, after they have been matched on the ability of interest.20 That is, people from two groups, who have the same ability ranking, will perform differentially on the item with DIF. In order to preserve the unidimensionality trait of the construct under measurement, an important aspect of Rasch analysis is the investigation of the presence of DIF in the various items. For this sample, the first person factor that was considered was language. Sometimes the language used to describe the task is complicated and can pose a bigger challenge to second language speakers than first language speakers. Hence two levels of language were considered – English spoken as a first language and English spoken as a second language. Gender (female, male) was another factor that was investigated. 

			Before investigating for DIF in gender, the mean locations for each gender were determined. The mean location of the female group was -0.291 while that for the male group was 0.586. The probability value was 0.0036, showing that the difference was statistically significant. However, none of the specific items displayed DIF in terms of gender.

			For the DIF for language, the mean location of the English second language group was not significantly different from that of the English first language group. However, one item that displayed significant DIF in terms of language was Item 7.3, shown in Figure 8.

			[image: fig%208.png]

			Figure 8:	Item characteristic curve for Question 7.3, showing significant differential item functioning for language. English first language is represented by the crosses and English second language by the circles.

			Here the separate and sometimes parallel curves for the two groups suggest that there is uniform DIF present. As is evident in Figure 8, people at the same ability rankings have different probabilities of success for this item, based on the language person factor. For Item 23 the DIF [language] F-ratio is 22.26 with a probability value of 0.0000, showing a uniform DIF effect for language. For further technical details of detection and treatment of DIF, the reader is referred to the work by Andrich and colleagues13,20.  

			Question 7.3 was part of the linear programming question and appears in Figure 9. A perusal of this question shows that the correct solution required the teachers to unpack the introductory information – the four statements signalling the constraints as well as the instruction. For a deeper understanding of the teachers’ struggles, it may be helpful to consider the ‘lexical density’ of the instructions. Halliday21 suggests that scientific (and mathematical) texts have a very high ‘lexical density’. That is, they have a large number of lexical items (or content words) per clause. Informal spoken language has a lexical density of about two content words per clause, and written English has a lexical density of about four to six words per clause. The analysis of the instruction of Question 7.3 shows that the second clause has a lexical density of approximately 10 content words per clause. The third bulleted statement has a lexical density of 10. The other items in Question 7 (7.1; 7.2; 7.4) did not indicate DIF by language, indicating that English second language speakers who were on the same ability level as English first language speakers experienced those items as equally difficult. However, answering Question 7.3 correctly was harder for second-language English speakers than it was for first-language English speakers. The location for Question 7.3 for English second language teachers was 1.847 logits while the corresponding location of the item for English first language teachers was -0.488, showing that English second language teachers experienced this item as much more difficult than did English first language teachers. It was decided to delete the item because it was not a fair question.

			
				
					
				
				
					
							
							Question 7

							While preparing for the 2010 Soccer World Cup, a group of investors decided to build a guesthouse with single and double bedrooms to hire out to visitors. They came up with the following constraints for the guesthouse:

							
									•	There must be at least one single bedroom.

									•	They intend to build at least 10 bedrooms altogether, but not more than 15.

									•	Furthermore, the number of double bedrooms must be at least twice the number of single bedrooms.

									•	There should not be more than 12 double bedrooms.

							

							Let the number of single bedrooms be x and the number of double bedrooms be y. 

							7.1–7.2 omitted here 

							7.3 According to these constraints, could the guesthouse have 5 single bedrooms and 8 double bedrooms? Motivate your answer.

						
					

				
			

			

			Figure 9:	Item 23 (Question 7.3), which exhibited differential item functioning for language.

			Response dependency and multidimensionality

			The assumption of unidimensionality in a Rasch model may also be violated through response dependency between items or by multidimensionality.11 Response dependency manifests when items are linked in some way, so that a person’s response on one item depends on the response to another item. In checking for response dependency, the item residuals matrix indicated no significant response dependency between items. In order to check for multidimensionality, a principal components analysis of the residuals showed no significant patterns in the residuals. For more details of a test that can be used to detect response dependency and multidimensionality the reader can consult Smith22.

			Final statistics

			A final analysis was then done by including the rescoring process that was indicated. Recall that Question 7.3 was deleted because it displayed DIF. The individual item fit statistics then revealed that none of the items was displaying significant misfit, with the fit residual statistics ranging from -1.891 to 2.082. Furthermore, the DIF summary revealed no significant DIF effects for gender or language. 

			In conclusion we look at the overall fit statistics again. For the distribution of the items, the fit residual statistics show slight differences from the initial statistics. The mean of the fit residual for the items has become a larger negative number, moving a bit further from the ideal of 0. The standard deviation of the fit residual has moved closer to the ideal figure of 1. With respect to the person distribution, the mean of the fit residual has moved slightly from the ideal of 0 and the standard deviation has decreased, moving slightly further from the ideal of 1.

			Table 3:	Initial and (final) summary statistics

			
				
					
					
					
					
					
				
				
					
							
							

						
							
							ITEMS [n=24]

						
							
							PERSONS [n=253]

						
					

					
							
							

						
							
							Location

						
							
							Fit residual

						
							
							Location

						
							
							Fit residual

						
					

					
							
							Mean 

						
							
							0.0000 (0.000) 

						
							
							-0.2018 (-0.2572) 

						
							
							0.4557 (0.7191) 

						
							
							-0.2152 (-0.2319)

						
					

					
							
							SD

						
							
							1.0557 (1.4511) 

						
							
							1.5987 (1.1543) 

						
							
							0.8049 (1.277) 

						
							
							0.8741 (0.7751)

						
					

					
							
							

						
							
							

						
							
							Person separation index 0.9007 (0.9049)

						
					

					
							
							

						
							
							Item–trait interaction 

							Total item chi-square = 213.8966 (165.603)

							Total d.f. = 72.00 (69.00)

							Total chi-square probability = 0.000 (0.00)

						
							
							

						
					

				
			

			

			The standard deviation on the item locations is now 1.770, showing a wider spread than the original situation. The person location mean is now 0.7191, which reflects a higher proficiency than originally estimated. The standard deviation has increased, showing that there was much more variation in the person locations than originally estimated. The p-value of the chi-square statistic remained at p=0.000. The person separation index has remained above 0.9, showing that the test was able to differentiate between person proficiencies. 

			Person–item map 

			The Rasch ordering of the items, as compared to the cognitive levels of the items according to the Department of Basic Education assessment taxonomy,15 is summarised in Table 4.

			Table 4:	Descriptors of each level of the assessment taxonomy used by the Department of Basic Education15

			
				
					
					
				
				
					
							
							Cognitive levels

						
							
							Description of problems or skills to be demonstrated

						
					

					
							
							Knowledge

							20%

						
							
							Straight recall

							Identification of correct formula on the information sheet (no changing of the subject)

							Use of mathematical facts

							Appropriate use of mathematical vocabulary

						
					

					
							
							Routine procedures

							35%

						
							
							Estimation and appropriate rounding of numbers

							Recall of proofs of prescribed theorems and derivation of formulae

							Identification and direct use of correct formula on the information sheet (no changing of the subject)

							Perform well-known procedures

							Perform simple applications and calculations which might involve few steps

							Derivation from given information may be involved

							Identification and use (after changing the subject) of correct formula

							Able to answer questions that are generally similar to those encountered in class

						
					

					
							
							Complex procedures

							30%

						
							
							Problems involve complex calculations and/or higher order reasoning

							There is often not an obvious route to the solution

							Problems need not be based on a real-world context

							Could involve making significant connections between different representations

							Require conceptual understanding

						
					

					
							
							Problem solving

							15%

						
							
							Non-routine problems (which are not necessarily difficult)

							Higher order reasoning and processes are involved

							Might require the ability to break the problem down into its constituent parts

						
					

				
			

			

			The ordering of the items shows that the empirical difficulty of items classified at the higher levels of the taxonomy was generally higher than those items classified at the lower levels of the taxonomy. The item difficulty was highest for Item 20 (Question 6.2), which was classified as Level 4, while that of Item 3, classified as Level 1 in the taxonomy, was the lowest. However, every item at a certain level may not necessarily be more difficult than all the items at a lower level. Sometimes certain items may, with practice, become easier to handle, or an alternative solution may provide a less complicated solution path than the expected one. This seems to have been the case for some items in this study in which not all the items in Level 4 were experienced as more difficult than items in Level 3. The item difficulty location for Item 24 (categorised as Level 4) was the same as that of Item 13 (classified as Level 2). It is also noted that the item difficulty of Items 13 and 4, which are on Level 2, were higher than some Level 3 items. Also, the item difficulty of Item 1 (Level 1) was higher than that of some items classified at Level 2. However, except for these four items, the empirical difficulty level of an item at a higher level of the taxonomy was higher than that of an item at a lower level of the taxonomy. 

			Figure 10 reveals a somewhat disturbing picture of many items being beyond the proficiency level of the teachers. For example, there are two teachers whose proficiency levels were measured as being lower than the difficulty levels of all the items, suggesting that these teachers could not fully answer any of the items. For 66 of the teachers, the location of all the items categorised at Levels 3 and 4 were beyond the location of their ability levels. This finding means that there is a low probability of the teachers producing correct answers to Level 3 and Level 4 items. Items placed at Level 3 (complex procedures) are those for which the solution is not straightforward and requires connections across concepts. According to the Department of Basic Education15, Level 3 items should constitute 30% of the examination paper, while the Level 4 (problem solving) items dealing with the non-routine should constitute 15% of the paper. A burning question then arises: how will these teachers support their learners to handle those types of questions which account for 45% of the mathematics Grade 12 examination paper? 

			[image: fig%2010.png]

			Figure 10:	Person–item map approximating person proficiency and item difficulty on a common scale. Items classified at Level 1 are indicated in ordinary font, Level 2 in italics; Level 3 in bold and Level 4 in bold italics.
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			Discussion and concluding remarks

			A rubric for assessment is essentially contributing to a description of a scale for measurement of the construct that is being assessed, in this case proficiency in mathematics. This suggests that for a test to have a fairer outcome, it is important that the rubrics are aligned with tenets of measurement. That is, if the total score allocated is made up from a sum of items, it is important to ensure that the test fulfils the measurement axioms. Tennant and Conaghan11 explain that Rasch analysis allows for a unified approach to many measurement issues: testing the internal construct of the scale for unidimensionality, required for a valid summed raw score; response dependency and multidimensionality; appropriate category ordering of polytomous items (whether or not the category ordering of polytomous items is working as expected); and DIF (whether bias exists for an item among subgroups in the sample). 

			In this study, the overall fit statistics, which are an indication of how well the data fits the model, were considered first. Thereafter, individual items were analysed using the fit residual statistics, category probability curves and the ICCs together with a qualitative content analysis. It was evident that, by changing the scoring rubrics of certain items, the items produced better fitting category probability curves, and better fit statistics in most cases. No significant response dependencies were detected between items or multidimensionality. The analysis also revealed the presence of DIF with respect to the person factor of language in one item, which was evidence of bias in that item. Hence the item was deleted. After this analysis, the post-hoc improvements allowed greater precision than the original instrument scoring and the scoring was more consistent with the intentions of the scoring. 

			This analysis revealed that the test followed principles of good test design because the data fitted the model so well. The person–item location distribution showed a reasonable spread of items and people, and the test was targeted well at the sample. The mean of the person locations at 0.4556 logits was close to zero, suggesting that the test was a bit easy for the sample. However, this was a Grade 12 examination written by teachers who prepare their learners to write this examination. As such, as a group, their performance should have been much higher. The results suggest that questions based on complex procedures and those involving problem solving were beyond the competencies of many of these teachers. This study was carried out with 253 teachers representing approximately 16% of the 1581 public high schools in KwaZulu-Natal23, and hence cannot be considered as a representative sample. However, the poor results of the teachers underscores the urgency of interventions that can succeed in improving the mathematics content knowledge of teachers. Stakeholders such as national and provincial education departments, universities and subject advisors need to collectively determine the extent of the problem of poor knowledge and to then design a systematic intervention that targets those teachers who require help. Such an intervention can work only if it is planned at a micro-level and implemented in fine detail that takes into account district factors, school factors and teacher factors. 

			In conclusion, it has been illustrated that Rasch measurement theory can be used to contribute to improving the scoring of an assessment instrument, and it is hoped that other researchers may opt to use the methodology in different assessment settings. The study also revealed low proficiency levels of practising FET teachers who are expected to teach learners who will be writing similar examinations as the one used in this study. A recommendation is that FET mathematics teachers urgently need to be provided with opportunities that could help improve their proficiency levels, so that the possibility of teachers teaching learners content that they themselves do not know, is eliminated. 
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