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We describe an approach to develop higher-order thinking skills (HOTS) among first-year calculus 
students. The ideas formulated by Brookhart to develop HOTS were used to identify from the literature 
three core abilities that should be targeted. Then eight expected learning outcomes for the development 
of HOTS were documented, in the context of the study of first-year university calculus. Those expected 
outcomes were used to formulate sample tasks that were designed to target the development of the 
eight abilities. A pilot study was done to determine whether the tasks had the high mathematical demand 
envisaged. It was found that about 37% of the participants did not give any response to the tasks. 
Further it was found that about 31% of the participants were able to critically evaluate a given possible 
solution to a problem and make a value judgement. It is recommended that to promote HOTS among 
students, the formulation of tasks should focus on developing the following abilities: interpreting a general 
definition or statement in the context of a given model; translating a worded or graphically represented 
situation to relevant mathematical formalisms; identifying possible applications of mathematics in their 
surroundings; identifying linkages between groups of concepts and interpreting these linkages in the 
context of a model; working systematically through cases in an exhaustive way; critically evaluating one’s 
and others’ presented solutions to a problem; interpreting and extending solutions of problems; and using 
with reasonable skill available tools for mathematical exploration.

Significance: 
•	 A large proportion of the student intake at university level is unable to answer mathematics questions that 

focus on HOTS. There is therefore a need to deliberately focus on and promote HOTS amongst the average 
students in the context of calculus.

Introduction and motivation
During the past few years we have had informal discussions with colleagues who lecture first-year university 
calculus. Those discussions gave the impression that much of their energy was and still is consumed in getting 
students to become comfortable with the prerequisites for calculus and the basics (skills and concepts) of 
calculus. The former is a result of an increasing number of students gaining entry to study university calculus. A 
large proportion of the student intake significantly lacks the required basic knowledge and skills to study university 
mathematics. The situation is so serious that some of the universities in South Africa require qualifying prospective 
first-year students to take a National Benchmarking Test for mathematics. However, there are some universities that 
refuse to implement this requirement and go strictly by the matric results. The University of KwaZulu-Natal is one 
such institution. This situation has resulted in a lack of focus on higher-order thinking skills (HOTS) in the context 
of the study of calculus. It is for these reasons that we decided to do a study on the formulation of tasks to develop 
among our students HOTS in the context of first-year calculus.

Research question
Our main research question was: What types of tasks could be formulated to target the development of HOTS 
among students enrolled for first-year university calculus? To answer this question we need to be clear on the 
answer to the following question: What are the possible outcomes with regard to HOTS in the context of first-year 
university calculus? 

Review of literature
We review the literature on HOTS; expected learning outcomes; mathematical understanding; and calculus.

Higher-order thinking skills
There are a number of writings on HOTS.1-6 Heong et al.3 defined higher-order thinking as the expanded use of the 
mind to meet new challenges and noted that thinking skills are associated with the learning process. It should be 
noted here that the challenges should be new to the student. Karaali4 argued that higher-order thinking behaviour 
is the creative formation of new knowledge based on old knowledge and the ability to apply owned knowledge to 
new situations. Polly and Ausband5 noted that applying, analysing, generating, integrating and evaluating could be 
considered as HOTS. The study by Thompson6 found that teachers who defined higher-order thinking as involving 
problem solving, discovering patterns, interpreting information, and conceptual understanding were much more likely 
to formulate higher-order thinking items than teachers who did not use those terms. We note that the Department 
of Education of Newfoundland and Labrador2 gave a detailed document indicating the general outcomes, specific 
outcomes and achievement indicators for their calculus curriculum. Their examples of assessment items made 
use of the terms indicated above that were used to describe HOTS by the various authors mentioned. We unpack 
the ideas given by Brookhart1 which we feel adequately summarises the abilities to be targeted in order to develop 
HOTS. HOTS involve the attainment of the following three abilities: transfer, critical thinking and problem solving. 
Transfer is conceptualised as a student’s ability to relate their learning to other elements beyond those with which 
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they were taught to associate it. In the study of calculus, basic concepts 
(e.g. increasing, decreasing and concavity) related to the concept 
of derivatives are applied to various functions which model different 
situations. Critical thinking refers to a student being able to decide what 
to believe, reason, reflect and make sound decisions on their own and 
produce a reasoned argument. We believe that these attributes of critical 
thinking have subject-specific meanings and hence we will try to unpack 
these in the context of the expected outcomes for HOTS, in the context of 
calculus. Problem solving refers to the use of the above abilities to solve 
problems in different familiar and new contexts – which implies that the 
focus on questions in the context of calculus should include contexts 
that are familiar and new to the student.

Expected learning outcomes
Maharaj and Wagh7 discussed the importance of documenting expected 
learning outcomes to guide the focus. We note for the reader the key 
issues here as relevant to this paper. Use of the term ‘learning outcome’ 
refers to a clear and detailed statement of what a student should be 
able to do if they have learnt the content of a particular topic. The 
Council of Regional Accrediting Commissions8 (CRAC) in its discussion 
of student learning principles emphasised the importance of learning 
outcomes. With regard to learning outcomes towards which students 
are expected to aspire, CRAC pointed out that (1) these should be clear 
and easily available (made public) and (2) there should be reflection on 
such outcomes for a commitment to educational improvement. If one 
accepts these points then it follows that it is important for the learning 
outcomes relevant to the development of HOTS for calculus to be clearly 
documented, reflected on periodically and improved on if necessary, and 
also be made available at the outset to students. Those documented 
learning outcomes should guide the formulation of tasks which focus on 
the development of HOTS among students. 

Next we looked at how some institutions addressed the issues of course 
outcomes and assessment for calculus. For example, a study of the 
University of New England9 (UNE) course site revealed that they gave 
a general description of the unit and assessment tasks. Each of their 
assessment tasks related to a particular unit stated learning outcomes 
in the context of the content and graduate attributes. The latter is 
interesting as it gives an additional dimension to what would be required 
of university students. UNE listed the following five graduate attributes: 
(1) knowledge of a discipline, (2) communication skills, (3) information 
literacy, (4) problem solving and (5) team work. UNE also clearly 
indicated the expectation of a student for each of those attributes. For 
example, problem solving was unpacked as follows: 

The student will encounter in this unit a field of 
knowledge that is intensely problem based, and 
will acquire skills in connecting ideas within a 
network of logical relationships. A high emphasis 
will be placed on the development of analytical 
and deductive reasoning.9(p.4) 

We note that for each of these five graduate attributes there was the 
intention for teaching, assessment and practise. In the context of the 
study of mathematics, we believe that a clear perception of the attributes 
of HOTS will contribute to the development of problem solving skills.

Mathematical understanding
A focus on mathematical understanding requires that one first answer 
the question: What is mathematics? In answering this question we 
found the view of Godino10 to be useful. This view – which is also 
discussed by Maharaj11 – is based on the following four assumptions 
which we summarise for the reader: (1) Mathematics is a human 
activity involving the solution of problematic situations. The problem 
situations could be external or internal. As responses or solutions to 
such problems are found and reflected on, mathematics emerges and 
evolves. (2) Mathematical problems and their solutions are shared in 
specific institutions or collectives involved in studying such problems. 
An example of such an institution is a university at which modules are 
offered that focus on the study of mathematics. (3) Mathematics is a 
symbolic language in which problem situations and the solutions found 

are expressed. It is this symbolic language which represents coded 
information that allows for the communication of problems and possible 
solutions among those who study mathematics. This implies that the 
teaching and learning of mathematics should also focus on the study 
of this symbolic language. (4) Mathematics is a logically organised 
conceptual system. When a mathematical concept is accepted as a part 
of this system, it is considered as a textual reality and a component of 
the global structure. The implication here is that those who teach and 
want to study mathematics should adhere to the logically organised 
conceptual system. Suppose that one is required to analyse a function to 
provide a graphical representation. Then, to indicate the logic or thinking 
involved in deducing the key characteristics, explanations should be 
given and use made of connectives to link symbolic representations 
of mathematical concepts with mathematical symbols such as ‘∴’ 
(therefore), ‘⟹’ (implies) and ‘⟺’ (implies and is implied by). 

We now focus on what is meant by mathematical understanding. Skemp12 
identified two types of understanding: (1) relational understanding which 
he described as knowing what to do and why and (2) instrumental 
understanding which he described as rules without understanding. He 
noted that the process of learning relational mathematics leads to the 
building of a conceptual structure in mathematics. This is included in 
the logically organised conceptual system to which Godino10 referred. 
Our opinion is that the focus in the teaching and learning of mathematics 
should be on relational understanding. The development of relational 
understanding requires that the focus should be on the three HOTS 
abilities identified by Brookhart1: transfer, critical thinking and problem 
solving. Suppose one is required to sketch the graph of the function 
f(x) = x2 - 16

x - 4 . A focus on the structure represented by the symbolic 
language implies that one should consider cases based on the structure 
of the denominator x-4 , which requires an understanding of the absolute 
value concept. Because the denominator cannot be 0, the following 
cases need to be considered: x - 4>0 and x - 4<0. Each of these cases 
results in different implications. In the context of the Brookhart1 abilities 
for HOTS one could view the sketching of the graph of f as targeting 
problem solving as this would include the abilities of: (1) transfer of 
learning on the absolute value concept to other elements beyond which 
students were taught to associate it with; and (2) critical thinking as the 
students would be required to reason, reflect, make sound decisions 
and produce a reasoned argument to arrive at the required graph of 
f(x) = x2 - 16

x - 4
.

Calculus
A prerequisite to study calculus is adequate knowledge and skills relating 
to algebra. This knowledge should include algebraic aspects of functions 
and their standard forms. The derivative of a function and integral of a 
function are both key concepts in the study of calculus. For details on 
some studies on students’ understanding of the concept of a derivative 
of a function the reader could refer to Maharaj13. The review of relevant 
literature revealed that some of the main points that relate to teaching 
and learning of calculus, in particular the derivative of a function, could 
be summarised in five points. Firstly, understanding the concept of the 
derivative of a function is difficult for many students.14,15 Secondly, one 
should be careful when distinguishing between a description of this 
concept (which specifies some properties of that concept) and the 
formal concept definition16 of the derivative of a function. For example, a 
description of the derivative of a function, say f'(x), could be: 

the gradient of the function f(x) at x0 is the slope of the tangent line to the 
curve f at the point (x0,f(x0)). 

The formal definition could be represented as:

f'(x) = lim f(x+h) - f(x)
hh→0 . 

Thirdly, the understanding of students could be improved if one 
exposes them to several representations of the derivative.17 Growth in 
understanding can be promoted by a variety of connections, both between 
and within representations, and also between a physical application and 
mathematical representations.18 The teaching implication here is that 
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there should be a focus on representations and their relevant connections, 
as part of understanding derivatives. Fourthly, students seem to prefer 
graphical representation in tasks and explanations about derivatives.19 
This finding was supported by Tall20 who argued that direct links between 
visualisation and symbolisation should be emphasised when teaching the 
concept of a derivative. Lastly, students’ difficulties with the derivative 
increase in number and extent when the function they are confronted with 
is a composite function.21 Difficulties in dealing with composition and 
decomposition of functions could be the reason the chain rule is one of 
the most difficult ideas in calculus to convey to students.22,23

A number of studies have focused on student understanding of the 
concept integration of functions and also on what could be done to 
improve student understanding.24-29 It could be concluded from those 
studies that difficulties encountered by students in their understanding 
of the integration concept relate to two principle causes. Firstly, 
differentiation (finding the derivative of a function) could be viewed as 
a forward process in contrast to the reverse or backward process of 
integration. So any difficulties that students have with differentiation 
could compound their understanding of integration. Further the difficulties 
faced by students with regard to the concept of derivatives are not as 
complicated as those for the process of integration. Secondly, integration 
has a dual nature because it is both the inverse process of differentiation 
and a tool for calculation, for example, when required to determine the 
area or volume in the context of problem situations. The first teaching 
and learning implication from the above studies is that when introducing 
the antiderivative (improper integral) of a function this should be related 
to the concept of the derivative. This means that if ∫g(x)dx represents 
the general antiderivative of g(x) then ∫g(x)dx=G(x)+C provided 

 
G'(x)=g(x). Further, for the concept of the definite integral of a function, 
teaching should focus on the development of the spatial visualisation 
ability among students. The development of this ability could influence 
and strengthen the relationship between the graphical and the symbolic 
integral representation. Sevimli and Delice27 noted that such an approach 
increases the performance of students when solving definite integral 
problems. So problems based on the visualisation of what a particular 
definite integral represents, could develop among students a useful 
strategy to conceptualise different definite integral contexts with which 
they are confronted. It should be noted that only when a student has a 
deeper understanding of the structure of the definite integral then the use 
of ‘area under a curve’ is helpful in problem solving.30 This reinforces 
the assumption by Godino10 that mathematics is the study of a symbolic 
language. These ideas influenced the formulation of the tasks that appear 
later in this paper. 

Conceptual framework
The literature review1-19 as well as our experience in teaching calculus to 
students and assessing their abilities in the context of calculus, guided 
the formulation of principles which give an overview of the conceptual 
framework for this study. In particular, the formulation of the following 
four principles were informed by the work of Brookhart1, Maharaj and 
Wagh7, the Council of Regional Accrediting Commissions8, Godino9 
and Skemp12. (1) It is necessary to formulate and document expected 
HOTS outcomes on which teaching and learning should focus.1,7 Those 
outcomes should be easily available to lecturers/teachers and students.8 
(2) The identified learning outcomes should inform the development of 
tasks7 that help in the development of abilities related to HOTS1. (3) The 
key abilities relate to the transfer of knowledge and skills, critical thinking 
and problem solving1 across sections in mathematics relevant to the 
context of studying calculus. The attainment of these should foster 
the development of relational understanding in students.12 (4) HOTS 
are acquired and refined by practising them in the context of several 
different representations of the same calculus related concept.17-20 So 
students need to be exposed to tasks that could help them develop the 
abilities related to HOTS. This implies that lecturers/tutors should plan 
and implement tasks that focus on those relevant abilities.

We now focus on the planning stage of sample tasks that could lead to 
the development of HOTS among students in the context of their study 

of calculus. We undertook a brief pilot study to determine whether the 
sample tasks had the high mathematical demand that we envisaged.

Methodology
The general literature review led us to focus on abilities required for the 
development of HOTS identified by Brookhart1. We then unpacked those 
abilities in the context of HOTS required for the study of calculus, keeping 
in mind the main conclusions of past studies on the teaching and 
learning of calculus, especially those abilities that could foster relational 
understanding. A tabulation of those abilities and their relationship with 
the abilities of transfer, critical thinking and problem solving is given in 
Table 1. In our opinion, the abilities identified in column two of Table 
1 are generic to mathematics. We then used those generic abilities to 
document the expected outcomes for HOTS in the context of calculus 
that we felt should be developed among our first-year students. Those 
expected outcomes then guided the framing of sample tasks that we felt 
could develop the identified HOTS among students.

Table 1:	 Unpacking of Brookhart’s1 abilities to develop higher-order 
thinking skills in the context of calculus

Brookhart abilities Abilities in the context of calculus

Transfer

Interpret a general definition or statement in the context 
of a given model

Translate a worded or graphically represented situation to 
relevant mathematical formalisms 

Identify possible applications of mathematics in their 
surroundings

Critical thinking

Identify linkages between groups of concepts and 
interpret these linkages in the context of a model

Work systematically through cases in an exhaustive way

Critically evaluate their and others’ presented solutions to 
a problem/question

Interpret and extend solutions of problems

Problem solving

Use of above abilities in problem-solving contexts, both 
familiar and unfamiliar

Use with reasonable skill available tools for mathematical 
exploration

We then did an empirical pilot study on student responses to the tasks 
developed. That pilot study was conducted (in the month of August 2015) 
at a representative college, where average students seek admission to 
an undergraduate mathematics course, in the city of Nagpur in India. 
The institution also runs a postgraduate programme in mathematics. 
Permission to conduct the pilot study was obtained from the Principal 
of the college. The pilot study was part of the work required for the 
project ‘Online diagnostics for undergraduate mathematics’. Ethical 
clearance for that project was provided by the Humanities and Social 
Sciences Research Ethics Committee of the University of KwaZulu-Natal 
(reference number HSS/1058/014CA).

The participants were 48 students, all of whom had exposure to the 
concepts that were covered by the tasks in the pilot study. There were 
26 female students and 22 male students. The participants volunteered 
and were selected on the basis of their availability. Every question was 
explained before the students attempted the tasks for which an hour was 
given. The seven tasks are indicated in the sub-section ‘Sample tasks 
for HOTS’ below. We indicate for the reader what was clarified with the 
students before they attempted these seven tasks:

•	 Tasks 1 and 2: The concepts input and output were illustrated using 
the function of p(x)=x2 

•	 Task 3: The meaning of second derivative was made clear 
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•	 Task 4: What is meant by relevant mathematical formalism was 
demonstrated by focusing on ‘two distinct numbers are added’ 

•	 Task 5: It was pointed out to the students how knowledge of 
trigonometry is used for finding height of a building 

•	 Task 6: The fractional part of a number was demonstrated by 
discussing the example {1.123}=0.123  

•	 Task 7: It was explained that the students need to identify if the 
given solution is correct or not and they should provide a reason 
for their judgement.

All of the participants submitted their attempts within 50  min. Their 
written responses were then looked at and sorted into the following 
categories: no response for all seven tasks; some written response for a 
task; correct responses; partially correct responses. The latter category 
was used to denote responses in which it was clear that the student 
reasoned correctly but the response was either incomplete or had a 
mathematical error.

Findings and discussion
Possible outcomes for HOTS
Our formulation of expected learning outcomes is that students should 
be able to: interpret a general definition or statement in the context of 
a given model (given concrete situation); work systematically through 
cases in an exhaustive way; identify linkages between groups of 
concepts and interpret these linkages in the context of a model (given 
concrete situation); translate a worded situation to relevant mathematical 
formalisms; translate a graphically represented situation to relevant 
mathematical formalisms; identify possible applications of mathematics 
in their surroundings; critically evaluate one’s and others’ presented 
solutions to a problem/question by identifying errors, redundancies, 
alternative solutions and how a solution could be improved; interpret 
and extend solutions of problems; and use with reasonable skill available 
tools for mathematical exploration (as a general consensus expected 
from the student). These tools include algebraic and trigonometric 
identities; standard limits and laws of limits; standard derivatives and 
their laws; and standard anti-derivatives and their laws.

Sample tasks for HOTS
The questions that we formulated to target the development of HOTS 
abilities indicated in the above outcomes are documented in the 
following sample tasks. We indicate next to each of these sample tasks 
the identified HOTS expected outcome that the task was designed 
to develop. 

Task 1: Ability to work systematically through cases in an 
exhaustive way
How many polynomial functions are there whose coefficients are natural 
numbers and in which the output of their derivative is less than 10 on the 
restricted domain [0,1]? Justify your answer.

Task 2: Ability to interpret and systematically extend solutions to 
problems
How many polynomial functions are there whose coefficients are natural 
numbers and in which the output of their derivative is less than 20 on the 
restricted domain [0,10]? Justify your answer.

Task 3: Ability to interpret a general definition or statement in the 
context of a given model
Statement: If f''(x)>0 

A

 x ϵ I then the graph of f is concave upwards on 
the interval I.

Is the graph of the function defined by f(x)=1+x2+x3 concave upwards 
on the interval [-1,1]? Justify your answer.

Task 4: Ability to translate a worded situation to relevant 
mathematical formalisms
Find a function with domain the entire set of real numbers which satisfies 
the condition: the output at the sum of any two inputs is the sum of the 
outputs at those respective inputs.

Task 5: Ability to identify possible applications of mathematics in 
their surroundings
Identify at least five applications of the derivative in the context of your 
body. Explain how each is an application of the derivative.

Task 6: Ability to identify linkages between groups of concepts and 
interpret these linkages in the context of a model
Let x be a non-negative real number and {x} denote the fractional part of 
x . For natural number n find the integral ∫0

n{x}dx . 

Task 7: Ability to critically evaluate a presented solution to a 
problem/question
Examine critically the following question and a solution presented by 
a student. Indicate clearly with justification your comments on the 
presented solution. Also present your alternative solution to the question.

Question: Evaluate the integral ∫ x sin x dx 

Solution: ∫ x sin x dx = ∫ x dx ∫ sin x dx = cosx+cx2

2
Most (if not all) of the above tasks should be a challenge to the average 
student studying first-year calculus. Additional sample tasks that we 
formulated to target the development of the identified HOTS expected 
outcomes are presented in Appendix 1 of the supplementary material. 
Note that the seven sample tasks and the additional sample tasks given 
in Appendix 1 illustrate how the eighth expected outcome could be 
achieved. Those sample tasks illustrate how available tools could be used 
to develop reasonable skill in the context of mathematical exploration. 

Pilot study on sample HOTS tasks
In Table 2 a summary of the students’ responses to the seven tasks 
is given. It was noted that 18 students gave a blank sheet; meaning 
there were no responses from those students for any of the seven tasks. 
An informal chat with those students indicated that they were unable 
to respond to a task. When probed further, students gave the following 
as the main reasons for their lack of responses: they were never given 
a method to solve such questions and they had forgotten some of the 
things that they had studied. The first reason suggests that many of 
those participants were comfortable only when they were exposed to 
some sort of a method to deal with problems. It seemed that these 
students were exposed to only routine problems on which they worked 
according to the method they were exposed to. Note that Task 4 was not 
a calculus task, but focused on mathematical symbolisms relating to the 
concept of a function – which is a prerequisite to study calculus.

Table 2 indicates that all 48 participants lacked five of the seven HOTS 
abilities on which the tasks focused. These five HOTS abilities were: 
working systematically through cases in an exhaustive way; interpreting 
and systematically extending solutions to problems; interpreting a 
general definition or statement in the context of a given model; translating 
a worded situation to relevant mathematical formalisms; and identifying 
linkages between groups of concepts and interpreting identified linkages 
in the context of a model. It is also evident from Table 2 that only about 
31% of the participants was able to critically evaluate and make a value 
judgement on a possible solution to a problem. Furthermore, only 
about 8% of the respondents was able to identify possible applications 
of mathematics in their surroundings; in this case, applications of the 
derivative in the context of their body. The implication from the pilot 
study is that the formulated tasks had the high mathematical demand in 
calculus that we envisaged.
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Conclusions
We identified from the literature review the following three abilities 
that are central to the development of HOTS among first-year calculus 
students: transfer of knowledge and skills across sections, critical 
thinking, and problem solving. Based on the general literature review on 
critical thinking and a review of literature on the teaching and learning of 
calculus, we were able to document expected learning outcomes for the 
development of HOTS in the context of the study of first-year university 
calculus. Those expected outcomes were used to formulate sample 
tasks. The sample tasks were designed to target the development of 
abilities identified in the documented expected outcomes for HOTS, in 
the context of calculus. The pilot study indicated that the HOTS abilities 
that we identified for calculus, which are also generic to mathematics, 
were seriously lacking among the participants who were average 
students who had been previously exposed to the concepts on which 
the tasks were based.

Our next investigation will focus on using the sample tasks formulated 
to further research the development of HOTS among our students. 
These students could be South African as all first-year university 
calculus courses cover the same content, namely the derivatives and 
integrals of standard functions and their applications. In particular, we 
want to explore the use of technology to promote the identified HOTS 
abilities that the study indicates should be developed among students. 
We encourage others who may be interested to feel free to use or 
adapt the sample tasks to conduct research. We recommend that the 
formulation of tasks should focus on developing the following HOTS 
abilities: interpreting a general definition or statement in the context of 
a given model; translating a worded or graphically represented situation 
to relevant mathematical formalisms; identifying possible applications 
of mathematics in their surroundings; identifying linkages between 
groups of concepts and interpreting these linkages in the context of a 
model; working systematically through cases in an exhaustive way; 
critically evaluating one’s and others’ presented solutions to a problem; 
interpreting and extending solutions of problems; using these abilities in 
both familiar and unfamiliar problem-solving contexts; and using with 
reasonable skill the tools available for mathematical exploration.
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